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Dispersion interation between two atoms in eletromagneti elds
Y. Sherkunov
Department of Physis, University of Warwik, Coventry, CV4 7AL, UK
We present a new theory of atom-atom dispersion interation in the presene of eletromagneti
elds. The theory takes into aount the absorption and emission of virtual photons leading to the
resonane ontributions to the interation potential in the ase of non-equilibrium dynamis.
Reent progress in experimental methods [1, 2, 3, 4℄
enabling one to measure the thermal omponent of the
Casimir-Lifshitz fore [5℄, stimulated a new wave of the-
oretial works in Casimir, Casimir-Polder (CP), and van
der Waals dispersion fores at the presene of eletro-
magneti eld [6, 7, 8, 9℄. The problem of the Casimir-
Lifshitz interation between real metals is still not re-
solved. Although, the interation is desribed by the
famous Lifshitz theory, the theoretial preditions dra-
matially depend of the model desribing the real metal
(see for example [10, 11, 12℄ and referenes therein). An-
other problem to be laried is the non-equilibrium CP
interation between a single atom and a metal (or diele-
tri) plate if the temperature of the plate diers from the
temperature of the atomi gas. This fore was reently
measured with the help of spetrosopy of an atom in-
terating with the dieletri slub [13℄, but the agreement
with the theoretial preditions has not been ahieved
[13℄.
The theoretial treatment of the CP interation under
non-equilibrium onditions is based either on the linear-
respone (or Lifshitz) theory [7, 8, 14℄, or marosopi
quantum eletrodynamis [15℄. As it has been demon-
strated by Buhmann and Sheel [16℄ one should distin-
guish two dierent problems. If the atom is thermalized
and oupled to its thermal bath, the both approahes
lead to the same result. If the atom is not thermalized,
the results of the linear-respone theory ould underes-
timate the the CP fore [16℄. The marosopi QED
approah takes into aount the possible absorption and
spontaneous/stimulated emission of a thermal photon by
the interating atom. These ontributions result in the
resonane enhanement of the CP fore even if the atom
is in its ground state. For ase of thermalized atom, this
terms anel out and one arrives at the preditions of
Lifshitz theory [17℄.
To understand the physial mehanism of the CP inter-
ation under non-equilibrium onditions it is important
to have a lear piture of the simplest ase - the dispersion
interation between two atoms in eletromagneti elds.
Milonni and Smith treated suh kind of interation [18℄
with the help of soure theory [19℄. They showed that the
interation potential between two atoms in eletromag-
neti eld ould be obtained from the vauum eld poten-
tial by the simple substitution h¯ωk/2→ h¯ωk (Nkλ + 1/2)
[18℄, where ωk is the energy of the photon of {k, λ}
state, with k and λ the wave vetor and the polariza-
tion index of EM eld, Nkλ is the number of photons
in the state {kλ}. Deriving their formula, Milonni and
Smith took into aount the sattering of eletromagneti
eld on atoms but they ignored the virtual absorption
and/or spontaneous/stimulated emission of photons by
the atoms. Obviously, this approah is valid for the ase
of equilibrium due to the detailed balane between the ra-
diation and the state of atoms. But if the atoms and the
radiation are not in the equilibrium their result is in on-
tradition with the reent theoretial results obtained for
CP fore between an atom and a dieletri slub [15, 16℄
taking into aount virtual absorption and emission of
photons.
Reent theoretial and experimental progress in non-
equilibrium Casimir physis inspired us to reexamine the
interation between two atoms in eletromagneti eld.
To alulate the interation potential we use a QED
method based on the Keldysh Green funtion tehnique
[20℄. We start with the derivation of the general formula
for the interation between a ground state atom and a
dieletri medium in eletromagneti eld. To simplify
the alulations we suppose that the number of photons
of the external EM eld is negligible at the transition
energies of the ground-state atom. This simpliation
enables us to treat the atom as a ground-state one dur-
ing the interation and alulate the interation potential
as the energy shift of the atomi level. Then we onsider
the interation of a ground-state atom with a medium
at non-zero temperatures, provided the atom is not ther-
malized. We rederived the Buhmann-Sheel formula [16℄.
Next, we onsider the interation between two atoms in
eletromagneti eld and demonstrate that the absorp-
tion or spontaneous emission of photons play major role
for non-equilibrium ase resulting in resonane terms of
the interation potential. We show that the dispersion
fore for an exited atom and a ground-state one is en-
haned by fator N(ωB) + 1, where ωB is the transition
frequeny for the exited atom, ompared to the Power
and Thirunamahandran result for eletromagneti va-
uum [21, 22℄. If both atoms are in their ground states,
the dierene between the vauum ase and the ase of
external eld is more dramati. The presene of the ele-
tromagneti eld results in the resonane fore, whih
drops like R−2 with the distane between the atoms R
at the retarded regime (R >> 2π/k). We disuss the
validity of the Milonni-Smith formula.
We start with the CP interation between a single
2ground-state atom (atom A) at a position RA and an
arbitrary dieletri medium at the presene of eletro-
magneti eld. If the number of photons at the transition
frequenies of the atom is negligible, the atom does not
hange its internal state. In this ase we an treat the
CP potential as the energy shift of the ground level of
the atom U = ∆ǫA [23℄. The Hamiltonian of the system
atom A - eletromagneti eld - medium reads
H =
∑
i
ǫib
†
ibi +
∑
kλ
k
(
α†
kλαkλ + 1/2
)
+Hmed
−
∫
ψ†(X)dE(X)ψ(X)dr (1)
Where ǫi is the bare energy of atom A at state i, bi
is the annihilation operator of this state, k is the wave
vetor of eletromagneti eld, λ is the polarization in-
dex, αkλ is the annihilation operator of state {k, λ} of
the eletromagneti eld, Hmed is the Hamiltonian of
the medium interating with the eletromagneti eld,
ψ(X) =
∑
i φi(r,RA)bi with φ wavefuntion of the atom
A, X = {r, t}, E is the operator of eletromagneti eld.
d is the dipole moment of the eletron.
Following the earlier treatment for a dipole interation
of a ground state atom with a dieletri medium in ele-
tromagneti vauum [20℄, we generalize our previous re-
sult to the ase of eletromagneti eld surrounding the
atom and the medium [24℄. The retarded Green fun-
tion of atom A obeys the Dyson equation. In derivation
we followed the standard Keltysh method for the eletro-
magneti eld and a modied one for the atoms [20, 24℄.
Treating the atom, we diretly implemented Wik's the-
orem for a single atom making use of the fat that the
normal produts of the atomi operators of all orders but
the seond one are zero. The normal produt of the se-
ond order is just the density matrix of the atom A [24℄.
In energy representation the Dyson equation reads
Gr(ω, r, r
′) = G0r(ω, r, r
′)
+
∫
G0r(ω, r, r1)Mr(ω, r1, r2)Gr(ω, r2, r
′)dr1dr2 (2)
where G0r is the retarded Green funtion for a non-
interating atom, Mr is the mass operator [24℄
Mr(X,X
′) = idνdν
′
Gr(X,X
′)Dνν
′
(X ′, X) (3)
Where D is the asual photon Green funtion
Dνν
′
(X,X ′) = −i〈TˆEν
′
(X ′)Eν(X)〉 (4)
Tˆ is the time-ordering operator Negleting the transition
of the atom A to its exiting state and using the pole
approximation we arrive at the solution of the Dyson
equation (2)
Gr(ω) =
∑
i
φi(r,RA)φ
∗
i (r
′,RA)
ω − ǫi −M iir (ǫi)
(5)
with M iir =
∫
φ∗i (r)Mr(r, r
′)φi(r
′)drdr′. Thus, the en-
ergy shift of the ground level of atom A is UA = ReM
ii
r .
Following the alulations of [20, 24℄, we obtain
UA = −Re
i
2π
∫ ∞
0
αν
′ν
A (ω)D
νν′(ω,RA,RA)dω (6)
This formula generalizes the one [20℄ obtained for the in-
teration of an atom with a dieletri medium at zero
temperature if the eletromagneti eld is in its vauum
state. Now we inlude the external EM eld. The polar-
izability of the atom at the internal state k is given by
the standard formula (we put h¯ = 1, c = 1 throughout
the paper)
αν
′ν
Ak (ω) =
∑
j
(
dν
′
kjd
ν
jk
ωjk − ω − i0
+
dν
′
jkd
ν
kj
ωjk + ω + i0
)
(7)
with ωkj transition frequeny of the atom from state k to
state j, dνjk the ν-th projetion of eletri dipole matrix
element between states j and k, i0 desribes the analyt-
ial properties of the polarizability.
To alulate the Green tensor we use the standard
Keldysh tehnique [25, 26℄. First we notie that the a-
sual Green tensor an be written as a sum of the retarded
Green tensor and the Green tensor D12 [25, 26℄
D = Dr +D12 (8)
where
Dνν
′
12 (X,X
′) = −i〈Eˆν
′
(X ′)Eˆν(X)〉 (9)
Substituting (9) and (8) into (6) we nd
UA = −Re
i
2π
∫ ∞
0
αν
′ν
A (ω)D
νν′
r (ω,RA,RA)dω
−Re
i
2π
∫ ∞
0
αν
′ν
A (ω)D
νν′
12 (ω,RA,RA)dω (10)
The rst term of the Eq.(10) is the standard interation
potential for the ground-state atom interating with the
vauum eletromagneti eld at the presene of an arbi-
trary dieletri body [27℄. The seond term desribes the
interation of the atom with the photons of the exter-
nal eletromagneti eld or the photons radiated by the
media.
For zero temperature the density matrix D12 desribes
only spontaneous emission by the medium and Ex. (10)
results in Ex. (41) of [20℄.
As the rst example we onsider a ground-state atom
embedded in the system eletromagneti eld - diele-
tri medium at thermal equilibrium at temperature T .
We suppose that the atom does not hange its initial
state, it means that the time sales are short ompared
to the inverse ground-state heating rates of the atom Γ−1kj .
This situation was reently onsidered by Bushmann and
3Sheel [16℄. The asual Green tensor of the thermal ele-
tromagneti eld is [28℄
D(ω,RA,RA) = ReDr(ω,RA,RA)
+i coth(ω/2T )ImDr(ω,RA,RA) (11)
It an be rewritten as
D = (2N(ω) + 1)Dr − 2N(ω)ReDr (12)
where N(ω) is the oupation number of the photons at
frequeny ω Using Ex. (6), we nd for an isotopi atom
UA = T
∞∑
m=0
(1 −
1
2
δm0)α
ν′ν
A (iξm)D
νν′
r (iξm)
−1/3
∑
j
N(ωjk)|dkj |
2ReDr(ωjk)θ(ωjk) (13)
where ξm = 2πmT is the Mazubara frequeny. This re-
sult oinides with the Ex. (25) of [16℄. The rst term
desribe the standard Lifshitz result for the interation
of a thermalized atom with the medium at thermal equi-
librium. The seond term, as it was pointed out by Buh-
mann and Sheel, is the resonane ontribution to the
Casimir-Polder fore due to absorption of thermal pho-
tons by the atom, whih is not thermalized [16℄.
Let a ground-state atom A be at a position RA and
atom B at a position RB. Atom B an be either in ex-
ited or ground state. For simpliity we suppose that
the atoms are exposed to isotropi unpolarized eletro-
magneti eld, i.e. Nkλ depends only on |k| = ω ,
Nkλ = N(ω). We suppose that N(ω
A
jk) = 0 to simplify
the alulation. We will attak the problem perturba-
tively. The density matrix D12 an be alulated with
the help of Keldysh tehnique [25, 26℄. Aording to (6),
we should integrate the Green tensor with respet to pos-
itive frequenies ω > 0
D12(X,X
′) = D012
+
∫
D0r(X,X1)Πr(X1, X2)D
0
12(X2, X
′)dX1dX2
+
∫
D012(X,X1)Πa(X1, X2)D
0
a(X2, X
′)dX1dX2
−
∫
D0r(X,X1)Π12(X1, X2)D
0
a(X2, X
′)dX1dX2 (14)
Here we suppressed the tensor indies ν. D0 means free
photon Green tensor. X = {r, t} The polarization oper-
ators Π desribe interation of eletromagneti eld with
atom B whih is in its initial state n [20℄
Πνν
′
r (ω, r, r
′) = −ανν
′
B (ω)δ(r− r
′) = Πνν
′∗
a (ω, r
′, r)
Πνν
′
12 (ω, r, r
′) =
∑
m
2πidνBnmd
ν′B
mn δ(ω − ωnm)δ(r − r
′)(15)
The polarization operators Πr and Πa desribe elasti
sattering of light on the atom B, while Π12 desribes
the downward transition of the atom as a result of spon-
taneous or stimulated emission. For positive frequenies
(ω > 0),the free eld Green tensor D012 we an repre-
sented as
D012(ω, r, r
′) = N(ω)(D0r(ω, r, r
′)−D0a(ω, r, r
′)) (16)
The formula (14) along with (15) and (16) yield
D12(ω,RA,RA) = D
0
12(ω,RA,RA)
+2N(ω)D0r(ω,RA,RB)Πr(ω)D
0
r(ω,RB,RA)
−2N(ω)ReD0r(ω,RA,RB)Πr(ω)D
0
r(ω,RB,RA)
+N(ω)D0r(ω,RA,RB)Π21(ω)D
0
a(ω,RB,RA)
−(N(ω) + 1)D0r(ω,RA,RB)Π12(ω)D
0
r(ω,RB,RA)(17)
The polarization operator Π21 desribes the absorption
of a photon by atom B and an upward transition of the
atom B.
Πνν
′
21 (ω, r, r
′) =
∑
m
2πidνBnmd
ν′B
mn δ(ω − ωmn)δ(r − r
′)(18)
The rst term of the r.h.s of Eq.(17) desribes the free
eletromagneti eld. This term results in the optial
Stark shift of the energy levels of atom A and we omit
this term. The seond and the third terms desribe the
elasti sattering of light on atom B. The fourth term is
responsible for absorption of a photon by atom B and the
last term is for the spontaneous and stimulated radiation
of a photon by atom B. For isotopi atom B prepared
in a mixed state with the probability to nd the atom in
n-th state pn we obtain
UA = Re
i
π
∫ ∞
0
dω (N(ω) + 1/2)αA(ω)αB(ω)
×(D0r(ω,RARB))
2
+
1
3
Re
∑
mn
|dBmn|
2αA(ωmn)|D
0
r(ωmn,RA,RB)|
2
× [pnN(ωmn)θ(ωmn)− pn (N(ωnm) + 1) θ(ωnm)] (19)
The rst term of the Eq. (19) oinides with the one ob-
tained by Milonni and and Smith for interation between
two atoms in eletromagneti eld using the soure the-
ory [18℄. The seond term desribes the absorption of a
photon by atom B (rst term in the square brakets) as
well as spontaneous and stimulated emission by atom B
(seond term in the square brakets). The seond term
is resonant. It ould be easily heked by substitution
of the polarizability of atom A (Ex.(7)). Let us onsider
a ase of thermal equilibrium. The probability to nd
an atom in its n-th state pn is given by the Boltzmann
distribution, while the number of photons obey the Bose
distribution. One an easily hek that in equilibrium,
the seond term is zero due to detailed balane, and we
nd that the equation (19) oinides with the Lifshitz
formula [17℄.
4Thus we arrive at a onlusion that the Milonni for-
mula desribes only the interation between two atoms
at equilibrium. But for the non-equilibrium ase, if one
or both atoms are not thermalized, the Milonni formula,
whih does not take into aount the absorption and
emission of photons, underestimates the interation po-
tential between two atoms in the eletromagneti eld
even if the atoms are in their ground states.
Now to obtain quantitative results, we substitute the
expliite expression for the retarded Green tensor [28℄
Dνν
′0
r (ω, r, r
′) =
×ω2
[
δνν′
(
1 +
i
ωR
−
1
(ωR)2
)
+sνsν
′
(
3
(ωR)2
−
3i
ωR
− 1
)]
exp(iωR)
R
, (20)
where R = |r− r′| and sν = (r − r′)ν/|r− r′|, into (19)
For the non-resonane and the resonane parts of the
potential we nd
UAnr = −
1
πR2
∫ ∞
0
αA(iu)αB(iu)u
4
(
1 +
2
uR
+
5
(uR)2
+
6
(uR)3
+
3
(uR)4
)
× (2N(iu) + 1) exp[−2iuR]du (21)
UAres =
4
9R2
∑
mnj
|dAkj |
2|dBmn|
2ωkj(A)ω
4
mn(B)
ω2
kj(A) − ω
2
mn(B)
×
(
1 +
1
(ωkj(A)R)2
+
3
(ωkj(A)R)4
)
×
[
pnN(ωmn(B))θ(ωmn(B))
× −pn(N(ωnm(B)) + 1)θ(ωnm(B))
]
. (22)
If the eletromagneti eld is in its vauum state
(N(ω) = 0)) the rst term in the square brakets of (24)
is zero. The seond term is not equal to zero only if atom
B is exited. In this ase we obtain the result by Power
and Thirunamahandran [21, 22℄.
UAres = −
4
9R2
∑
mj
|dAkj |
2|dBmn|
2ωkj(A)ω
4
mn(B)
ω2
kj(A) − ω
2
mn(B)
×
(
1 +
1
(ωkj(A)R)2
+
3
(ωkj(A)R)4
)
θ(ωnm(B)).(23)
For the limit R >> 2π/k, when the retardation eets
are signiant, the potential drops with the distane be-
tween the atoms as UAres ∝ R
−2
(ompare to the non-
resonane ontribution whih is given by Casimir-Polder
formula UAnr ∝ R
−7
), this weird behavior of the po-
tential was disussed by Power and Thirunamahandran
[21, 22℄. (see also [20℄, where the interation potential be-
tween an exited atom and a ground-state one embedded
in a dieletri medium was alulated for vauum state
of eletromagneti eld). In the presene of eletromag-
neti eld, the resonane ontribution to the interation
between a ground-state atom and an exited one is en-
haned by fator N(ωB) + 1 ompared to the interation
potential in eletromagneti vauum.
If both atoms are in their ground state, we should take
into aount only the rst term in square brakets of (24)
For the retarded regime (R >> 2π/k)
UAres =
4
9R2
∑
mj
|dAkj |
2|dBmn|
2ωkj(A)ω
4
mn(B)
ω2
kj(A) − ω
2
mn(B)
×N(ωmn(B))θ(ωmn(B)). (24)
This potential is resonant and drops as R−2 with the dis-
tane. It means that the ontribution of the resonane
term due to photon absorption to the interation poten-
tial in non-equilibrium situation ould be muh greater
then the ontribution of a non-resonane one desribed
by the Milonni formula. We should mention, that the
approah we developed in this presentation is valid for
the initial stage of interation when the atoms and ele-
tromagneti eld are not in the equilibrium. Obviously,
after the equilibration the resonane ontribution to the
interation potential is zero and we obtain the Milonni
formula.
In onlusion, we reexamined the atom-atom disper-
sion interation in eletromagneti elds. We showed
that the absorption and emission of virtual photons
results in the resonane ontributions to the non-
equilibrium interation potential.
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